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Striieture  the  of  ©is  for  the  discf  iminant  >  A(aj  ),  of 

Hill’s  differential  equation  are  developed  fey  jneans 

of  intefpolatoiy  function  theory  (cardinal  series 

repfesentations) .  A  method  of  solution  of  Hill's 

equation  is  developed  yielding  an  asys^totie 

Sion  of  the  discfiminant  for  large  lai|  with  effOf 

terra  0(  |®l“^)  «  Asymptotic  expansions  f  or  the  eigeni* 

values  X  i  X’  fof  large  a  are  ofetained  with  error 
n  n  ° 

terras  0(0"’^).  Relations  between  the  OGCUrrence  of 
doiable  aeros  of  the  discrirainant  and  the  period  of 
the  coefficient  function  in  fEll's  differential 
eqioation  are  established.  A  diserirainant^like  funO'^ 
tion  D(a>  )  is  Introdueed  and  an  iaterpolatory  function' 
theoretic  structure  result  is  obtained. 


The  research  reported  in  this  paper  constitutes  the 
doctoral  dissertation  of  hk*.  dagerraim.  It  was  cairied 
out  under  the  cdrection  of  Frofessor  Wilhelm  >^gnus. 
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I ,  _ Introduction 


The  differential  equation 

y‘"(x)  +  {X  ♦  g(x)}  y(x)  »  0,  (1,1) 

in  vhich  g(x)  is  a  bounded  periodic  function  Of  period  ft  and  mean  value  zero> 
is  called  Hill's  equation.  For  a  discussion  of  the  general  theory ^  see  Refer¬ 
ence  1,  and  for  an  investigation  of  the  discriminant >  see  Reference  2.  Let 
y^(x),  y^Cx)  be  the  fundamental  set  of  solutions  of  Equation  (1.1}  defined  by 

y^(o)  *  1,  y  l(o)  “  (1*2) 

72(0)  -  Oj  y'2^0)  =  1, 

then  the  descrlminant  is  defined  by 

h(X)  *  y|(n)  *  y'2(ft)»  (1*3) 

often  it  is  convenient  to  set  x  *  so  that  A(x)  *  a(co^)i 


The  paper  consists  Of  Six  parts.  Part  II  develops  two  general  theorems  con¬ 
cerning  the  vell-lcnown  cardinal  series  of  interpolation.  The  Pal^=VK.ener 
theorem  on  the  Fourier  integral  representation  of  functions  whose  Fourier 
transforms  vanish  outside  of  a  finite  interval  is  established  on  the  basis  of 
Theorem  I  of  the  cardinal  series  interpolation.  An  explicit  er^ression  is 
given  for  the  Fourier  transform.  These  theorems  enable  the  development  of  ex¬ 
plicit  representations  for  the  discriminant  in  Part  III.  In  Part  IV  solutions 
asymptotic  for  large  i<pl  of  Equation  (1.1)  are  developed.  Hill's  equation  may 
be  rewritten  as  a  Riccati  equation.  ^  means  of  a  perturbation  procedure  ap¬ 
plied  to  the  Riccati  equation,  an  approximate  solution  is  obtained.  This  ap¬ 
proximate  solution  is  '^en  eitployed  to  suggest  certain  changes  of  the  depend¬ 
ent  and  independent  variables  to  effect  a  basic  transformation  of  Equation  (1.1). 
The  transformed  equation  is  then  solved  by  rewriting  it  as  lui  Integra  equation 
and  employing  the  process  of  successive  approximations .  The  solutions  thus 
obtained  are  asyirptotic  in  m.  An  solicit  asyrototic  development  of  the  dis- 
crindnant  is  given  with  an  error  term  of  0(iti>i-7), 

The  infinitely  many  values  of  X  for  which  A(X)-  ■  U  are  all  real  and  constitute 
the  set  of  eigenvalues  of  Equation  (1,1).  The  differential  equation  will  have 
solutions  of  period  n  only  for  those  values  of  x  for  which  A(x)  "2,  and  solu¬ 
tions  of  period  2n  only  for  those  X  for  which  A(X)  "  »  2,  In  Part  V  certain 
theorems  are  proved  conceridng  the  form  of  the  ^scriminant  which,  together 
with  the  explicit  asymptotic  deveiopinent  found  in  Part  IV  permit  Wie  deteimina- 
tion  of  the  asymptotic  expansions  of  the  eigenv^ues .  The  first  four 
terms  of  the  erpansions  are  given  with  an  error  term  0(n~7). 
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Part  VI  considers  the  question  Of  double  zeros  Of  ^{(o)  *  2  and  the  Gorrespond* 
ing  conditions  that  g(x)  be  of  period  rt/2.  Two  theorems  are  proved,  one  of 
which  is  established  OH  the  basis  of  an  interpolation  procedure  providing  a 
representation  for  a  certain  discrlminant-like  function  i)(«2). 


II.  'Rie  Cardinal  Series 
the  cardinal  series^  is  a  series  of  the  form 

t  a.  .  (S.l) 

Interpolation  by  means  of  tfae  cardinal  series  is  provided  by  naeoreras  I  and 
II  below. 

theorem  I.  f(z)  is  entire  (z  =  x  +  iy)^ 

A(y)  =  max  l|f(x  *  iy):| 

A(y)  =  o(e”'^  h  >0,  ly<  ♦  «, 

^  f(z)  -  f(lh) 

nA  (z-A) 

%e  cardinal  series  converges  nniformly  in  evei^  bounded  closed  domain  of  the 
z«plane. 

theorem  11.  f(z)  is  entire 

*  "» 

2 

{f(jh)  t  (z..jh)f'(jh)]. 
the  cardinal  series  coDverges  uniformly  in  every  bounded  closed  domain  of  the 


1 

rN4 

1  -N-i 

Consider 

1 

/n4 

li  =  =“ 

2tii-* 

U4 

One  has 

Hi  T)  *  *N 


HL'LMI 


I  (N+l  +  iir^z)  3in  (N+l  + 


n(N+*  + 


+  itj»4|  ^  ||N+|  +  ifjj  -  (  zll  >  |n+|  «  I  *||  . 
GSiooae  N  so  large  that  N+^  >  JZi,  then 

'N+i 


1  1  r 


also 


I  |3ih  n(S*|  +  ih)l 


I  sin  «  (N+i  ♦  iti)|  • 

2 


dti. 


hence 


till 


■N+i 


•e  i  ^  /  e""*‘'lJA(Ti)dTi» 

n  N  ♦  y  -|z> 


n  «  ^  i 

The  following  weli*knowi  lenua  will  now  he  ewployed. 


Leima. 


bounded  for  all  x,  Un  f(x) 

X  ■>  • 


0  wib 


urn  I  t 

li  ^  -Jq 


dx  ^  Q. 


(2.7) 


(2.8) 


(2.9) 

(2.10) 


/ 


-6- 


^oof.  One  Ms 


1 

% 


f(x)^ 


1 

X 


■y-  % 

f(x)Gla:  +  t 


f(x)dX|  0  <  (i  <  Xi 


Qioose  li.  so  large  that  :|f(x)l  ^  6/2  (e  >  0)  for  x  > 


SiiiOe  f(x)  IS  houndedj 

I  i  r  f(x)  dx| 
^  Jo 


one  may  chOOSe  X  So  large  that 

<  t/t. 


(2.11) 


(2.12) 


(2.13) 


and|  hence,  the  lemma  follows.  Applying  the  above  leraiia  to  ^nation 
(2.l0)j  and  tising  the  conation  A(t))  »  o(e”l^l)  of  the  theorem,  one  has 


lim 

N<># 

i^.d. 

(2.1U) 

The  investigation  of  the  integral  13  follows  exaotly  the  same  pattei 
above,  hence ^  one  also  has 

i^n  as  for 

lim 

N-9- 

I3  =*  0. 

(2.15) 

The  integral  I2  is  given  by 

l2-< 

1  rNH  f(g  +  i(N+i)) 

2ni  J_N-i  (5  *  KN+i)  S>sin  n{C  +  KN+i)} 

(2.16) 

One  has 

\k  * 

i(N+|)^s|  >  U  ♦  i(N+|)|  ^  Isll  >  N+i  -  |S|  , 

(2.17) 

hence 

II2I 

1  1  If(5  +  i(N+i))| 

^  2h  N+l  «  1  a|  J_n_^  lain  ii($  *  i(N+^))i 

(2.18) 

Also 

1  sin 

.(S  ♦  l(ll*i))l  J  ' 

(2.19) 

^n(N+|)^  ^  ,«n(2N*i)).  1  ,  ,-h(2N+1)  ^  ^  q.  Hence 

fsin  7t(C  i(N+-| 


>  1-e 


-n 


The  infeegfal  I2  is  now  honnaed  by 


jlgl  ^  e*-«(N*i)  A(N*|) 

n(l“e"”) 

Thus^  by  the  Gonditione  of  tile  feheOr-eft, 

lim  I2  ^  0. 

N  « 


2N  ♦  1 


z 


(2.20) 


(2.21) 


(2.22) 


The  investigation  of  the  integfal  does  not  essentially  differ  from  the 
above  investigation  of  I2  SO  that  One  has  also 

lim  I,  =0.  (2.23) 

N  ^ 

The  impli cation  now  follows.  For  the  implication  to  the  left,  let 


,n 

®n  *  Sj 
l“'in 


sis .w( gTj ) 
«(S^) 


(a.ii) 


The  Sq  are  entire  functions,  and.  Since  the  uniform  limit  of  a  sequence  of 
entire  functions  is  entire>  it  follows  that 


f(z)  =  lim  ^  a.  ^  Si  (2‘2S) 

n  ^  ^  ft(z*3)  n(i-j) 

is  entire.  It  is  clear  that 

s„  ^  oderV^^*)  =  o(e’'‘y*),  (2.26) 

and  hence, 

f(z)  -  o(e’^‘y'),  (2.27) 

In  Equation  {2,2$)  set  z  -  t  (t  integral),  then 

a^  5  f(T),  (2.28) 

hence. 


(^*29) 


fhiis  tbe  iinpliea.tion  to  the  left  follows  ^  The  sequenoe  of  funOtionS 
sin  it(<o=J)/it(co*j)  fonts  an  Oftho-normal  set  over  («»  <  co  <  «)*  The  j^oof 
follows  iimneiiately  on  application  Of  the  Parseval  theorem  for  Fourier 
integrals^  ^  Since 


3in  ^  /"eiu(<o-j)  ^ 

n(<^j)  J-ir 

it  follows  that  e^^^  ((ui  <  n)  is  the  Fourier  transfom  of 

sin  it((o»j)/n(6>-j) .  Hence, 

p  sin  n(co-l)_  dm  ^  m 

J  n(co-3) 


(2.30) 


(2.31) 


o»  h  j, 

1>  k  >  j, 


o  /3in^(j^i)\  - 

Gonsider  the  closure  in  nonn  of  the  set  of  functions  \  S(^^J)  J  . 
It  follows  from  Theorem  I  that  if  f(®)  is  entire,  f(a>)  ■  o(eniii>)(eo  *  o  + 
and  f(a)6L2(ij.«»j<B)  ^  then  f(o4)  is  in  the  closure. 

The  well-knom  theorem  of  Paley«)Wiener  may  now  be  established. 

Theorem  Ill.  f(a))  is  entire  (q>  ^  a  •*•  il*),  f(a>)  *  o(e’’'^^*)>  f(o)6L^(<-#,#) 


2  F(u)6L2(-n,w)  ^ 


giw  F('u)du,  and,  in  fact. 


proof.  By  Theorem  I 


sin  ^((0^3) 


n(«>»j) 


(2.32) 


and,  since  f(a>)  is  in  the  closure  of 


sin  m((»».3  ) 
n(ce»3) 


):. . 


c»ie  also  has 


(2.33) 


Direct  stfestitlition  of  the  expression  for  F(u)  given  in  tiie  theorem  into  the 
Fourier  iatetral  shows  its  fonnal  Validity^  thus  it  is  only  necessary  to  Show 
that 

Jv  f-n  .  . 

lim  2n  /  f'(  du  -  0*  (2»3k) 

M"**  J  -n  J-M 

N'»«» 


AppMeation  of  the  Schwartz  inequality  yields 


i. 

1- 

J 


(2.35) 


ft  .  N 


J 


I  U  r 

-'•^n 


N  ,  |2  N  ,  , 

^f(3)e-i’»4  du  <f;|f(3)l 
=ll 


(2.36) 


Hie  limit  aero  is  obtained  on  reference  to  Equation  (2,33).  By  the  same 
argument  one  also  has 


lim  2n 


eiou  ^ 

•ft  3* 


f(3)e"^’*v  du  “  0, 


(2.37) 


and  hence  the  implication  to  the  right  is  established.  For  the  implication 
to  ^e  left«  consider 


^iaJU  (iy 


(2.38) 


in  idiich  F(u)6L^(=n,n).  Because  of  the  finite  interval  of  integration,  f(cp) 
is  clearly  entire.  Also  since  F(u)6L^(^n,n)  one  has,  by  Plancherel^s  theorem, 
that  f(Q)iL2 (-«>,••).  It  remains  only  to  show  that  f(a)^o(e’**i*’).  However,  the 
Schwarta  inequality  applied  to  Equation  (2,38)  imnediately  yields  f(co)  * 

0(1  fill and  hence  the  Replication  is  established. 


Ill, _ Analytic  Properties  of  the  Olscfiminant  Gafdiaal  Series  Representations 


Theorem  IV.  The  dlacriminant  4(ia^)(ci5  =  a  *  i|a,)  is  an  entire  even  fiinGtion  of 
<0  satisfying  A(co^)  =  Q(e*'M’l)  for  ail  large  Ico!. 

A  theorem  of  MagnnsI  and  Bernstein’s  inequality^  immediately  yield  Theorem  IV„ 
However,  it  is  easy  to  prove  the  above  results  directly. 


Proof,  Equation  (1,1)  may  be  written  in  the  following  integral 
y(x)  =  y(0)  cos  laac  +  yl(0)  — 


sin  oj(x-u)g(u)y(u)  dm. 


The  functions  y^Cx),  y2(x),  therefore,  satisfy 


yQ^(x)  ^  cos  cia  “  i  J"  sin  Q)(x»u)g(u)yj^(u)  du, 
Ijlx)  "if.  flo(x-u)g(u)y2(u)  du* 


Since 


I  cos  oa  I  ^  e^*^* , 


I  Sin  oa  ^  e^*  ^’'  *. 


one  has 


IriU)]  *«*'“'  *  jlr  d,, 

^  p 


(3,1) 


(3,2) 


(3.3) 


(3,U) 


(3»3) 


(3.6) 


in  ^ich  M  is  a  bound  on  g(x).  Thus, 


g(x)  <  H  for  all  x»  (3*7) 

The  following  lemma  will  now  be  employed. 

Lemma. 

|y(x)  |  «  Ce^  *  ^  f  I  y(u)  i|  dii 

•-'0 

G  >  0,  Y  Oj  E  >  0 

=4-1  y(x)f  <  Ce<®^T)x. 

Proof.  Let 

W  =  E  I  eY(*“'i)  I  y(u)  l  du>  (3.8) 

JO 


|y(x)|  <  Ce*Y W,  (3.9) 
W'  ^  E|y(x)|  +  Y^  «  CEe*r  ♦  (E  ♦  Y)Wi  (3.10) 
W(0)  *  0.  (3.11) 

One  now  has 


4.  {e-(E+r)x  w]  <  CEe"^,  (3.13) 

dx  “ 

and,  hence, 

W  <  Ce(E*Y)x  ,  ceY^,  (3. 13) 

The  lenma  follows  from  Equations  (3.9)  and  (3.13).  The  abpye  leimna  now  yields 

*  O.IU) 


Fr^  Equation  (3.3)  one  obtains 


y'2(*) 


cos  cux 


r* 

/  cos  ®(x«u)g(u)y2(u)  du. 

Jo 


(3.15) 

(3.16) 


Hence, 


ly'lC*)  !  2  *  M  f  e''**- 1  dn. 


(3.17) 


Equation  (3«15)  now  yields 
jytgCx)!  <  ^ 

HiUs  the  diaGrimlftant  satisfies 

|A(^2),  <  ^ 

and  fheorem  IV  is  established.  Since,  ffom  Equation  (3l.li) 


I  I  J  Sin  ci>(x-u)g(u)y^(u)  duj  <  ^  xe 


M  (M/fcoi  +  ifiOx 

m  *® 


and  from  Equation  (3.15) 


\J  cos  co(x-^u)g(u)y2(u)  du  j  f  ^ 


(3.18) 


(3.19) 


(3.20) 


(3*21) 


one  has 

}A(co^)  *  2  COS  n<uj  <  M  ^ 

The  fpllowiJig  theorem  has  now  been  established. 


(3*22) 


Theorem  V,  A(a)2)  -  2  cos  n®  +  for  all  large  |@|,  Actually,  the 

estimate  of  Theorem  IV  holds  for  all  ®  since  A(®~)  is  uniformly  bounded  on 
the  ^ole  real  a^axis- 

Ihe  fimction (t(®^)'^A(oV®^  is  clearly  entire  and  0(|®l"-e”-**')  thus,  the  coh!- 
ditions  of  Theorem  I  are  satisfied  with  h  -  1  amd  hence  one  has 


Theorem  VI,  A(®2)  .  4(0)  *  a|2  ^  gaAll 


Ihe  series  converges  uniformly  in  every  bounded  closed  d®nain  of  the  ®^plane« 
SiMiariy,  by  Theorem  V,  the  funetion  A(®2)  -  2  cos  n®  satisfies  the  condi.=» 
tions  of  Theorem  I,  Hence,  one  has  the  following  theoron. 


Theorem  VII.  A((»2)  =  2  cos  fta>  +  5^  {a(  . 

The  series  converges  mifermly  in  every  bounded  closed  domain  of  the  ajaplaae. 

iSieorems  Vl  and  Vll  provide  representations  for  the  discriminant  in  terms  of 
its  values  at  the  integers.  It  is  now  possible  to  obtain  Fourier  integral 
representations  of  A(co^}.  One  has 

Theorem  Vlll.  =  A(0)  +  F(u)  du, 

J-n 


F(U) 


A(3'^)*-A(0)  a'^iuj 


3' 


Proof.  The  uniform  convergence  of  the  Fourier  series  for  F(u)  permits  term- 
wise  integration.  The  theorem  now  follows  on  substitution  into  the  integral 
forsuia  for  A(ia^)  and  reference  to  Ibeorem  VI. 

The  function  {A(co^)-A(0V®^  *  and  by  Theorem  Vi  the  function 

A((o2)  .i  2  cos  noo  also  belongfe  to  l2(-«»,#)*  Hence,  they  are  in  the  closure  of 
the  set  of  functions 

I  Sin  a(^3) 

^  nr 


The  Parseval  relation  may  now  be  applied  to  obtain  the  following  theorems. 


Theorem  IX. 


a 


fA^hA(Q)\ 

^  ( 


da 


^A(a>^)”ACO) 


3»'-» 


Ibeorem  X 


•£ 


{A(a')  -  2  cos  aa>}  da 


3^*» 


-2(-: 


Theorem  III  (Palsy ^Wiener)  my  be  applied  to  toe  function  A(a~)  »  2  eps  na. 
One  obtains 

Theorem  XI.  A(«~)  *  2  cos  n«  +  f  e^^  0(u)  du, 


A  result  of  Poisson  type  may  be  derived  from  Theorem  VI ^  namely^ 


Theorem  XII « 


f  do)  ^  2  ^  |&«(0)  -  d  A(0). 

J  am  ar  j=l  3 


Proof.  The  uniform  convergehoe  of  the  cardinal  series  in  Theorem  V 
yields  (a  ^  0) 


la - 7 


A(Q)  dco  ^  ^  Mi^X-A(Q) 


r  3in  B(ar3  ).  4^^ 
J-k  n(c!J«j) 


Consider 

H  s  A(.1^>A(Ql  ^  A(32)-A(0)  sin 

J^a  "(““j) 


Since 


r*  sift 

Jam  It 


3**«  3- 


dco  >  1>  one  can  write  R  as  follows » 


R  «  ^  A(1^)^A(Q) 
^2 


r  "%in 

•y -«>  ft( 


g,(arl)  dc0  +  f^9M  n(($ 
co^j)  Ja  nCoo^j 


— j-^  dm 

jr" 


Integration  by  parts  shows  that 


U%in  n(Q)-j)  d«  +  f  dcp 

•m  Jk  "C®*!) 


j 


hence, 

iRufl.  02  1^1^. 

The  quantities  C,  C;^,  C2  are  constwts  uniform  in  a  luid 


Let  k  f!  n  *  \  {  ri  integral) ,  then 


I  directly 

(3.23) 

(3»2U) 

(3.25) 

(3.26) 

(3.27) 


_  „i s  — ■  -  -i 


Since 


.2.  *  A, 


ar  a^j  a^(a«j) 


it  follows  that 


y  j  -  /  jv .5  “  o(l/a)i 

1  <T<  a  (a-l)j2 


1  _  1  1 


(l-a)j2  a  i(j-a)  ky 


ihd  hence 


T  •  o(^). 

y  >  n  (i^a)j2  a? 


(3.32) 


Equation  (3.33)  establishes 


•  A(cp2)-a(g) 


f  Ml, 

J»m  «' 


A(P)-A(0) 


3--  P 


Since  t{(A)  ia  an  even  functim  of  the  power  series  for 
origin  has  the  form 


A(®2)  ^  A(o)  ♦  «2 


(3.33) 


(3.3U) 


A(a2)  ibout  the 


(3.35) 


Hence,  the  term  j  ..  0  in  Equation  (3.3U)  is  |A''(0).  Use  of  the  well-known 


4  ^  ^ 
F  ^ 


yields  Theorem  XII, 


Theorem  II  yields  representations  for  A(aj2)  in  terms  of  the  values  of  A  and 
A*  at  the  integers  *  The  theorem  may  be  applied  as  above  to  the  functions 
{ii((»2)s.A(0)}/£e2  and  A(a53)  ^2  cos  nw  ^th  h  =  2.  ^e  results  are  embodied  in 
Theorems  kill  and  XIV  below. 


Theorem  Xlli . 

+  (^2)A' (Uj2)  1  * 


A(6S^)  ■  A(0)  +  <0^ 


sin  n/2  (<a-2.l  ) 


n/2  (a>-2j) 


Theorem  xiV. 
A(«^)  » 


2  cos  nco  * 


sin  n/2  j  ) 
rt/2  (£6-23) 


In  Theorems  Xlll  and  XlV  the  series  converge  uniformly  in  every  bounded  closed 
domain  of  the  anplane. 
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IV.  A  Transformation  of  Hill  *3  Equation  Md  aa  As^ptotic  ExpMsion  for  the 
Oiscfimnaat  ""  '  ‘ 


Consider  the  substitution 

y(x)  ^  ei/wdx 

(k*l) 

in  Equation  (1.1)*  Since 

y'(x)  =i  iwy, 

(k*2) 

y''(x)  =  iwy  -  w2y 

(k.3) 

one  obtains  the  Riccati  equation 

iw'  -  w2  +  0)2  +  g  =  0* 

(k*k) 

A  perturbation  form  of  solution  of  WKB  typ^will  be  obtained  by  the  introduc¬ 
tion  of  a  small  perturbation  parameter  t  as  follows 


6iw'  -  w2  +  0)2  +  g  #  0.  (k*5) 


Equation  (li«k)  is  obtained  from  Equation  (U>5)  on  setting  t  *  i.  Let 


V  *  Wo  +  6Wi  +  ...  , 


then 


(cp2  +  g)i  , 


«2+g 


(k.6) 


(U.7) 


Thus 


!)i*  i 


ei 


(u.a) 


1,  and  substituting  in  Equation  (k*l)  yields 


y(x)  ~  ♦  g)  -  e 


(k.9) 


The  above  procedure  renders  plausible  the  approximation  of  Equation  (k.9). 
Xn  order  to  obtain  exact  results^  another  me^od  is  required  leading  to  the 
same  approximate  solution  but  permitting  the  estimation  of  error*  For  that 
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purpose,  the  following  change  Of  variables  is  suggested  by  the  form  of 
Equation  let 


h  »  (©2  *  g)^  y. 


n  ^  I  (0)2  +  g)i 
'0 


(It.lO) 


in  which  o)  is  sO  large  that  *  g  >  0.  Gonsidering  h  as  a  funotion  of  tj, 
One  has  ^ 


dh 


'2- 

^  g*^7  *  g"y  '*  (o)2+g)^^/‘*  yn 


♦  g)"^/**  g'y  +  (ffl)2  +  g)-i  j. 


(k. 

(k. 


Thus  Equation  (1.1)  is  transfornSd  to 


d2h 


dT)' 


I  +  h  ♦  Fh  0, 


'  'A  1  ^  — 


•  2 


(ci»2+g)^ 

I'or  the  purpose  of  approxinatim,  it  Is  best  to  rewrite  Iquation  (h. 
integral  equation  form.  The  required  integral  equation  is 

h(Ti)  •X(il)  *  f  sin  (•i>-u)K(u)h(u)  du, 

Jo 

|(ti)  ^  h(0)  cos  t|  ♦  ^  ]  sin  tj  , 

K(q)  -  F(x). 

For  the  determination  of  7^(x),  the  initial  conditimf  on  h(T))  are 
h(0)  «  (o^  +  a)^. 


(U. 

(U. 

in 

(i*a6) 


(ka?) 


dh 


in  which 


g(0)  =  (k.i8) 

g'(Q)  “  I* 

The  fhhGtion  h]^(ii)  is  defined  by  the  initial  conditions  of  Equation  (ii^l7)» 
One  has  froni  Eq^uation 


bl(ti)  *  i%i^)  *  f  sin  (■n-u)K(u>h^(u)  du* 

A 


•  (co2  *  a)^  cos  -n  ♦  ♦  a)  sin  % 

Similarly  for  the  determination  of  y2(*)»  the  function 
the  initial  conditions 


0, 


(Ua9) 

is  defined  with 
(h.20) 


dh. 


dti 


(cp2  +  a)“^i 


fpo 


The  function 


Satisfies 

•n 

'0 


rtl 

b2(ti)  #  ^  I  aSn  (•n^u)K(u)h2(u)  du, 


(k.21) 


/2(h)  *  sin  r\. 

Equations  (U.l?)  and  (k.21)  may  be  solved  by  successive  apprcndAatlQns •  Qe-» 
fine  the  sequences  ^ 


sin  (■nsu)K(u)Lj{wi(u)  du. 


I-o(h)  * 


(U.22) 


and 


sin  (■n^u)K(u)Mir-i(u)  du, 


(U.23) 


From  Equation  (  liiil5)  One  has 
f(x)  =  K(fi}  =  Oiar^) 

uniformly  in  Xi  Sineei  from  Equation  (U»i9) 

i'O  ”  “  0(<O^) 

uniformly  in  f\i  one  obtains,  by  indnction  on  Equation  (U.22), 

it )  . 

Also  Since  from  Equation  (l*.2i) 

Mq  #  j^2  ^  0(<»“i), 

one  obtains,  by  induction  on  Equati(»i  (h>23)» 

\  *  §  )  . 

From  Equation  (U«10)  one  obtains 

y'(x)  -  h  *  (®^  +  g)^  ^  . 

Thus  in  order  to  deterDdne  the  discriminant,  it  uill  be  necessary  to 
d|h2/d‘n.  Equati<ni  (h.2li)  gives 


dh; 


dM,. 


dn  ^  4ti 
From  Equation  (k>23)  <ine  obtains 
dM.  rr\ 

/  cos  (t)*u)K(u)M.  ,(u)  du, 
dTi  Jp 


(h.26) 

(li.27) 

(1**28) 

(k.29) 

(U.30) 

(U,3l) 

eyaluate 

(U,32) 


(U,33) 


It  follows  tii4t  obeys  the  saBe  order  relation  as  Hi£  itself^  that  isi 

& .  0<®4.k4  p  )  . 

dT) 


Ihe  fiinGtion  yt(n)  is  given  b] 


n)  -  (ds^  +  d)"^ 


(k.3g) 


^  *  f  (co^  +  44  , 

J  o 


Also  the  funGtion  y^(it)  is  given  by 


yi(n)  =•  -^(oi^+d)  ^  ^  '£2.  +  («^+d)^ 


ik,m 


Jaefine  6jj(co^)  by 

then  the  diserininant  A(dd^)  is  given  by 


dtf 


(k*37) 


A(co^)  =  6ij(co^). 

:^uation8  (h.tS),  (h.3^)*  And  (Ui3U)  show  that 
6U@^)  -  Oiar^^  3^  ). 

-  m 

From  Equation  (U.35)  pne  has 
%  *  0(co) , 

hence, 

Sic(o®-)  *  0(©*^^  /kj)  , 

m 

The  stm  >  6ic(»-)  may  now  be  readi]^  estimated,  Rius 

ksn+l 


(U.38) 

(U.39) 

(li.kO) 

(k,kl) 


(U*!i2) 


k^n+l 


fel 

One  now  state  the  following  theorem^ 

.  Ji__  _  -V  -■a 

Theorem  XV*  A(a)^)  =  V  6j^((»2)  +  0(  I  os  )  for  all  real  cn  f  Oi 
three  are  given  by 
6q  -  2  cos  ni 


6i  *  asin  11 

n  rii 


'0  -'Q 


•J  fl 


r  K(u)  du, 

‘’o 

sin  (^ti+Uj^)  sin  K(u)  K(ui)  dti]^  du* 


Since 


U  «  I"  (co^  +  g)if  d4. 


one  has 

U  »  (BSC  + 


f  f  «= 

•^n  in 


L6  Jo 


M 


+  ^ 
16 


andf  hence «  ^  is  given  by 


^  r  g^«  +  Q(i  (»i^9), 

■Jo 


^  ^  n®  *  |®-3  f  g^d€  +  f  g^d«  *  f 

Jo  ~~  Jo  Jo 


+  0(1  @r^). 


One  now  obtains  for  6, 


The  first 

(U.U3) 

(U*UU) 

(h.US) 

(k.h6) 


(U.U?) 


(k,U8) 


A>.  -  2  -  i  /  r  g2ci4  cs-6  A  f  g3  44  *  cb  * 


=8 


61| 


He  *  00-3  ^  I  f  23  4  qj-5  +  =1 


i  r  g^44  .  ^  f  /  g^  44  *  a- 

Jo 


8 


6a 


/ 


a 


For  the  computation  of  the  change  of  variables  given  by  Equation 
U3e4  in  the  integral.  fnuSj 


i  K(u)4u  -  f  F(x)  (a^  +  g)^  4x. 
Jq  Jo 


From  Equation  (U.!!)  one  has 


‘‘|g”a"^  +  (|gg''  ♦  ^'^)a"^  -  (|  g^g"  +  ^  gg'^)a"® 
0(  a 


an4  since 


(a^+g)^  »  a  +  i®"^g  -  ~ 


one  obtains 


F(x)(a2+g)i  *  •^^^'a"3  +  (|gi"+^’^)a*‘^  * 


^-g"  *  ^g'^)a*^  +  0(1  a r^). 


Thus 


f  F(x)(a^+g)^4x  --if  g?^d4»a“^  +  gg'^44ta  ^••OClaf 

Jo  16  Jo  32J0 

-  a”5  f’*  o  U 

sin  Tj  ?•  sin  na  g- 44  •  cos  na  0(lal"?) 

5  Jo 

an4  hence 

§1  ^  cos  na  +  sin  na  +  0(la}”^), 


(a.a6)  is 

(a.io) 

la.A) 

(a.S2) 

(a.53) 

(a, 5a) 

(a.55) 


(a.56) 


32  J 


Tti§  ieterininatldii  of  the  asymptotic  exp^sion  for  69  is  somet^at  more  inToivedi 
After  using  the  change  of  variables  of  Equation  (U>u^)>  Equation  (b>b|}  becomes 


n  rx 


2  -  j  I  sin(T|-u+U||^)sini(u»Uj^)F(x)(®2+g(x))tF(3C3^)  * 

Jq  Jq 

(®^*g(xi))^dxidx. 


Using  a  trigonometric  identity.  Equation  (^^57)  may  be  bitten  as  follows 

/T 

Jq  Jo 

'fl 

jQ  Jq 

integration  by  parts  and  Equation  (U*5k)  establish  that 
fit  /X 

Iq  ^0 


(k.§7) 


62  ■  I  I  I  CoS(fia2u+2Uj^)F(x)(®2+g(x))tf(Xi^)(®2+g(j^)icix|dx  (U*^8) 

i  COS  n  /  f  F(x)(®^+g(x))^(X|)(®2+g(xi))^dX3^dx. 

Jq  Jq 


r  /%(x)(j*g(x))k(x^)(0^*g(xi 

Jq  ^q 


F(x)(®24g(x))’dX  (k,59) 


Thus 


§2  =*  if  f  cos(^2u+2u^)F(x)(ffl^+g(x))^(Xi)(a-*g(xi))ldx,dx  (U.60) 

Jq  Jo 


From  Equation  (k^U?)  one  has 


r* 

n  2u  +  2u^  »  oo(n»2x+2xj^)  »  ©*^/  gd^  + 


(k.6l) 


Thus, 


C6s(^2\l+2iij^) 


l-jlto 


-i; 


cos  a)(n-2x+2x^) 


(k*62) 


+  co'^  jf  gd^  sin  (a(it-2x+2x|)  +  O(ico  r^). 


Equations  (k.62)  and  ikSt)  yield 

Cos  (%2u+2uj^)F(x)(6J^+f(x))%P(xj^)'(co^+g(x2^))^  = 


‘  ( 

g  \ 

^”{x)g”{xi)ar^  -  <  j^(Xi)g" 

(Xi^)g''(x)+  ^'(Xi)^g'*(x)| 

♦  A  g(x)g»(x)g"(xi)  +  g'(x)V(xi) 

32  64 


•X  \2 


+  A  g"(x)g"(x|)  [  /  gds  l 


Cos 


+  A  gH(x)g"(x|)oo"'^  f  gd^  •  Siii  t^n-2x+2x'j^)  +  0(|co|"^)i 

16  -41 

On  the  assumption  that  g(x)  has  an  integfable  thifd  derivative,  one  may  apply 
integration  by  parts  to  obta^Ji 


A  g(xi)g'?(x,)g*»(x)  +  A  g'(xi)^g'»(x) 
32  P4 


A  g(x)g''(x)g"(xi)  +  A  g'(x)V(xi) 

32  ”  "  6k  *  I 


(k.6k) 


*  [7 


cos  a»(ii^2x+2x^)dx3^dx  ^  0(»  ©»*“). 


So  •  A 

2  32 


g'ii(x)g'«!(xj^)  G6S  co(n«2x+^2^)dxi  dx 


(k.60) 


♦  Aar? 
32 


/X  /X 

I  g''(x)g"(x3,)  :  I  gdc  sin  co(n-2x+2X3^)dX|  dx 
i  Jo 


*  0(ja)l”^)i 


Sinee 


one  has 


f  g”(Xi)cos  ai(n‘^2x+2X^)dXj^  »  |ta“^g"(x)  sin  na>  (1**66) 

Jo 

^^“■^g'Ho)  sin  aj(n-2x)  -  f  g"'  (x^)sin  ca(n»2x+2xi)  dX|  > 

Jq 

tas 

So  “  Aos'^?  sin  ffoj  /  g*'(x)^dx^  •^^“?g'’(6)  f  g"(x)sin  as(it»2x)dx  (li.67) 
61*  Jo  61*  Jo 

”  j  g"(x)dx  (jq.)3in  a>(ii‘i-2x^2x^)dXj^ 


+ 


T  fv.  f'X  rx  _o 

m}”7  I  g'"  (x)g"(Xi)  I  gdC  sin  a)(n^2x+2xi)dx^dx  +  0(1®!“^), 

Jq  io  '  'Jx\ 


Integration  by  parts  yields 


^  g"(x)sin  co(n<^2x)dx  ^  ^  g'"  (x)  cos  C!)(n^2x)d!C, 


(1**68) 


One  now  assumes,  additionall7,  that  g^”  (x)  is  of  bounded  variation.  Then,  by 
a  weil^imown  leimna  (this  follows  directly  from  the  representation  of  a  function 
of  bounded  variation  as  the  difference  of  two  monotone  functions,  and  the  seC’' 
end  mean  value  theorem), 


g*^'  (x)eos  a)(n^2x)dx  ^  0(|@\®-) 


(1**69) 


wd,  hence  I 
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-  W  «<5''^g"(©)  f  i"(x)sin  a)(n-2x)dx  =  Otiwr^), 

61*  J  0 


(1*40) 


In  the  first  iterated  integral  of  Equation  (1**67)^  it  is  advantageous  to  inter¬ 
change  the  order  of  iategrationi  Thus 


f  g''(x)dx  f  g"'  (xi)sin  aj(n-2x+2Xj^)dX]^ 
Ja  Jq 


«  fit 

g'''(X3^)^T  I  g”(x)sia  a>(n-2x»2X3^)dXi 
'  Jxi 


(h4l) 


Integration  hy  parts  yields 
•n 


g"(x)sin  co(n“2x+2x3^)dX  “  i(a"^g”(o)cos  »(n-2Xi) 


(U42) 


*  i““\"(Xi)  cos 


noA 


Thus 


rn 

*  /  g'"  (*)  COS  a(n-i-2x+2Xs)  dx* 

'  J  J  g"'  (xi)sin  ®(n>^2x*2xi)dxi  - 

n  D 

*  j  ?"*  a{n^2x^)dxi 

-  n®  J"g"'  (xj)g"(xi)45 

*  J  g"'  (Xj)dXj^  J  g'"  (x)cos  ®(n-^2x+2xi)<te. 


(1^.73) 


Since  g**'  (x)  is  of  hounded  variation,  one  has 


I"*  (x)  CPS  a)(n»2x+2x^)dx  »  0(la>l  )j 


g"'  (*l)g"(xi)ciX2^  =  0, 


{k»n) 


HencSj  the  entire  integral  expression  on  the  left  hand  side  of  Equation 
(ki73)  is  (Me  noir  has 


62  *  nco  I  g"(x)^dx  (li. 

J  6 

♦  ^<»^7  J  g"(x)cbc  J  g**(xi) I J'  gd^j aim  M(n*»2x+2X|)dx^  +  0(|  cor9)^ 


(I1.76) 


Appljring  integration  by  parts,  one  has 


J  g”(xi)lj  g<^K  sin  ci)(ii*2x+2Xi)dx-|^  *  ^^ig*’(o)co8  M(n-2x)«J*  gd5  (U. 


♦  J  /g”'  (*1)  J*  gdd  -  g"(x; 


cos  @(n»2x+2x 


1^-1 


From  the  bounded  yariation  of 


Hence 


.  ^  1 

j  a 

2  6U 


sin  nco 

>n  2 

/  g''(x)  dx 

Jo 

fn  1  >x 

8gii(o) 

f  g'’(x)j  / 

>0  IJo 

gdcl 

>(  icor^) . 


since 

«”(*)(/"  g«j 

is  of  bounded  variation^  one  finally  concludes  that 
62  =  A2  COS  nco  +  §2  sin  nca  +  0(lco|“9)j 
A2  =  0, 

Bj  .  k  fg-W’ 

oU  Jo 


theorem  XV  and  the  above  determination  of  6^,  6^,  $2,  now  yield  the  following 
asymptotic  expression  for  the  discriminant. 

Theorem  XVI.  g'"  (x)  is  of  bounded  variation  over  (o,  ti) 

s  A  cos  itco  +  B  Sin  nco  +  0(|®|"^), 


A  a  2 


i  J  g^d^  ^  g'^d^  ^ 


The  form  of  &(a^)  in  Theorem  XVI  may  be  greatly  simplified  on  observing  that 
Va-  *  b2  a  2  +  Thus  one  has 
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A(a>^)  =  2  cos  n(f  *  0{l  Qi)|  ”9)  ^  (liliSl) 


It  may  be  remarked  that  the  coefficients  of  the  powers  of  co  in  Equation  (k.8l) 
are  fi^al,  that  is^  extending  the  asymptotic  expansion  beyond  0(io6i~^)  does 
not  change  the  coefficients  alrea^  fcundi 


It  is  t&e  present  purpose  to  determine  expansions  aspnptotiO  for  large  n  of 
tfte  eigenvalues  l2n-l>  ^2n  vtfiicti  Equation  (1*1)  has  solutions  of  period 
n  and  ^'2n-l>  which  Equation  (1*1)  has  solutions  Of  period  2n*  fo 

this  endj  tne  explicit  asjnnptotie  expansion  of  the  discriminant  given  in 
Equation  (kiSl)  will  be  employedi.  However,  it  Will  be  necessary  to  establish 
an  additional  structure  theorem  for  the  discriminanti 


It  is  knora"^,  or  can  be  showi  direGtljr  from  Theorem  XV,  Wiat  for  each  v  >  0 
one  has 


A(£o^)  =  A  GoS  itco  +  B  sin  noi  *  0('(»“^^“^) 
in  which  there  are  constants  a2^,  b2j,,ii  so  that 


(5.1) 


(54) 


It  follows  that  A(«2)  may  be  put  into  the  fosn 
A(<b^)  ^  Va2  +  cos  ffp  *  0(cD''^''“^) 
in  which  there  are  constants  02^4^1  sc  that 

^  „  -2J+1 

(p  a  <0  +  >  CO  ^  . 

j=2 


(5.3) 


(5.U) 


(5.5) 


The  constants  G2I-I  course,  functionals  of  g(x)  and  are  clearly  in^ 

dependent  of  v. “ 

Corresponding  to  the  eigenvalues  X2n..l»  ^  ^'2n-l?  ^'2n  quantities 

‘*211-14  *'2n-i-?  “'2^  in  idiich' A  ^  op?.-  jt  is  known  that- 

^n-l4  ^  Sire' the  zeros  of  M®^)  ^  2,  juid  ®*2n'..l»  e*'2n  are  the  zeros  of 


(5.6) 

(5.7) 


?,  Thus  the  equations 
S/ki  +  §2  cos  tie  “  2+  0(®”^'''"^), 
cos  tie^  ^2  *  0(®“'^*^ 


serve  to  detenijine  asymptotic  formulae,  for  ®2n-sl»  ®2n»  ^'2n-l»  ®'2n»  ?espec!- 
tiveiy.  A  theorem  of  Hochstadt^  states  that  if  g(x)  has  derivatives  up  to 
order  v,  then 


i$d) 


(0.9) 


thg  folldwing  theofiem  may  now  be  established. 

Theorem  XVIl.  Let  g('’)(x)  exist  aad  be  integrable  for  v  >  1>  theh  there  ejdst 
cons  tan ts  Gg;]-!*  ihdepeadent  of  v  s  o  that 

A(©2)  =  2  cos  n<p  + 


v+2 

<P  ^ 


-2j+l 


Ftoof.  In  view  of  Equations  (5.U)  and  (5.0) >  it  is  necessary  to  prove  only 
that 


(5.10) 


Consider  Equation  (0,6),  Let  a>  >  2  >  o  in  which  S  is  a  constant,  and  let 
K  >  0  be  a  constant,  t^en  the  inequality 


/a2  +  b2  <  2  »  Kco’2''-U  ,  a  >  2 


(0.11) 


is  Gontradictoiy  to  the  known  existence  of  the  infinitely  many  eigenvalues 
“2n.^l»  “2n 

2  +  0(cp^^  -  Va^  +  cos  n<p  5>  2  +  -  Va^  +  >  0.  (0. 


The  inequality 


>  2  ♦  ®  >  a 


(5.13) 


impUtes  the  existence  of  two  solutions,  say  ipg,  of  Equation  (5.6)  in  the 
neighborhood  of  every  sufficiently  large  even  integer  2n.  Let 


Va2  +  ^  2  *  c, 

c  >  ®  »  a, 

and  let  Equation  (0.6)  be  rewritten  in  the  forn 
(2  +  c)  cos  no  »  2  +  d,  d  0(a”^''’"'ii) 


(5,lh) 

(0.15) 


(5.16) 


also,  set  e  ^  2n  i-  6  ^ere  6  is  small,  then,  since  cos  ne  ^  cos  nd,  the  two 
values  of  6  are  given  by 


9 
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6^  -  eI  +  0(E), 
gg  =  4:  0(E) 

E  ^  ^  ^ 

tt‘  1  +  |c 


(5*17) 


The  above  values  of  6^^,  gg  were  obtained  from  the  expansion  Of  oos  ng  iii  liie 
neighborhood  of  the  origin.  Let  (pj  =  2n  ♦  gj;,  (pg  =  2n  *  &2i  then  §1  «  gg  = 
«Pl  »  (p2  and 

&l  gg  ^  2S^  +  0(E)  .  (^.18) 

Squations  (5*15)>  (5*16)»  and  (5*18)  show  that 

6^  «  6g  ^  Q(ar^-^)  .  (g.l9) 

From  Equation  (5*5)  one  has 

®2n«l  *  2n  +  eg,  (540) 


“2n  " 
in  idilch 

81^61,  gg-eg,  (541) 

Hence,  from  Equation  (5.19) 

“2n  *  “2n»l  °  ’  ®2  ^  0(m"^*^)  =•  0(n’''*^),  (5.22) 

Equation  (5*22)  contradicts  Equation  (5*8).  The  argument  starting  from 
Equation  (5*7)  is  the  same  as  the  above  excdpt  that  -  2n  .-i  +  g^,  <p2  “ 

2n  -.1  +  82  and  a  contradiction  is  obtained  to  Equation  "(5.9).  ^e  "^ck  of 
dependence  of  the  C2j_i  on  v  follows  from  the  finality  of  determination  of 
the  a2j»  hij-i  in  Equations  (5.2)  and  (5.3).  Since  there  are  infinitely 

^%i-l»  ^  S  and  since  op2v+2|^^  ®2v+3b  are  polynomials.  Equation  (5*10) 

is  true  for  all  m  /  Q.  It  is  now  possible  to  establish  the  following  theorem 
giving  the  asymptotic  developients  of  tiie  eigenvalues. 


Theorem  XVIII.  g(8)(x)  exists  and  is  integrable 


(^.23) 

(5.2U) 

(5,2^) 
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VI »  GonditionS  tehat  g(x)  be  of  Period  n/2 


In  tne  present  analysis,  the  differential  Equatldn  (1.1)  id,ll  be  replaced  by 
the  family  bf  eqnatiMS 

y''(x)  +  {X  +  g(x,0)}y(x)  =  Oj  (6.1) 

in  which 

g(Xie)  -  ^  e^^2®r  .  (6.^) 

fa  m«6 

The  function  g(x)  is  given  by  9  =  o.  It  is  clear,  from  lg(x)l  <  M  and  the 


periodicity  of  g(x),  that  |g(x,9):i<  M  uniformly  in  x  and  6.  Consid 
sequences  {U^}©  ,  defined  by 

er  the 

%(x)  “  *  l/o)  Sin  r  «(x*C)g(4>Un*l(^)^^*  ^o^*)  “  Cbacax, 

-'o 

(6.3) 

Vj^(x)  -  *  l/«  f  sin  co(x*€)g(«)Va*i(C)'i€»  Vo(x)  *  Sincoc/a, 

Jo 

(6.U) 

then^ 

yi(x)  *  ^ 

(6,5) 

«p 

y2(5t)  *  ZZ 
k-O 

(6.6) 

and 

A(<p')  ^  ^  Ajj(co2) 

k«0 

(6.7) 

in  which 

Aj^((a^)  ^  Ujj(n)  +  V»j5(n). 

(6,6) 

1  2 

A  theory  of  Magnus  shows  feat 

4(«2)  -  Ak(®“)  •*■  0(|o»r®“V'*'), 

(6,9) 

S*0 
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In  particailaf, 


A(®2) 

“  2  cos  n®  + 

(6,10) 

It  Will  be 

of  interest  to  Compa 

ire  A(®2)  with  the 

function  A(®  )  define 

d  by 

r(®2) 

=  yi(n/2)  +  y'2(n/2) 

1  ^ 

(6.11) 

Paralleling 

the  derivation  of  E 

IquatiOnS  (6,9)  and  (6,10),  one  arrives 

at 

similar  res 

ults  for  A(®2),  In 

particular , 

Ao(w^) 

=  2  Cos  ^  jij 

(6.12) 

sin  1?”  ®  i 

3  : - T,  y  e'^ 

.29;(2r+l)  «2r+l 

-  - _  f 

(6.13) 

i®  r=«« 

2r+l 

and 

A(«2) 

=  2  cos  ^  11  ®  * 

i  s  10^^  gi29(2i 

'♦!)  82r+l 

(6.3Ji) 

i«  f»#«»  2f+l 


Defljae  the  fuftctibn  D((a2^e)  by 

D(ffl2)  =  A(co2,9)  +  2  -  (6.1f) 

The  following  theorem  Will  now  be  proved, 

Thebreni  XIX,  P((o2,9)  =  o(i®l®l)  i2r+i  *  <  r  <  »)  «  real.  The 

estimate  holding  uniformly  in  9,  ' 

Proof,  If  ggrfi  ”  0(-*  <  r  <  »)  then  g(x)  is  of  period  n/2  ^d  y,(x  +  n/2), 
ygCx  +  n/2)  are  solutions  of  Hill's  equation. 

Thus 


Vj^(x  +  n/2) 

yj^(n/2),  y'3_(n/2)^ 

Vi(x)  * 

y2(x  +  n/2) ^ 

y2(«/2)#  y'2(n/2) 

y2(*) 

(6,16) 


md 


y|(x  +  n) 

y^(ft/2),  y'|(«/2)l^ 

y2(x  +  ft) 

y2(R/2).  y'2(R/2)j 

TgCx)^ 

• 

Sin6« 

:  +  n) 

ygC*  +  r) 


y3,(ft)j  y']^^(ft) 

y2(R)»  y‘2^"^ 

One  has 


y^(ft/2),  y'^(ft/2) 

2 

iB 

y3^(ft)»  y'j(R) 

y2(«/2)i  y'2(R/2) 

Thus 

A(«^0)  +2*y^(ft/2)^  +  y’gCn/a)^  +  27'j(n/2)y2(n/2)  +  2, 
From  the  Wronsklan 


yi(x),  y2(x) 
y'i(x),  y'2(x) 


yi(x)y'2(x)  ’  y'lCx)  ygCx)  ^ 


one  obtains  _^{v./2)Y^{n/2)  *  2j^{n/2)7' ^in/2)  ■>2  . 


9 


Hence  A(»^,0)  +  2  ^  [yi(‘R/2)  ♦  y'ljCV?)]^  =  A(@^»6)~  • 

Thus  if  g2r*i  •  0(*»<  r  <  •),  then  P(a>^,0)  •  0  *  o(l»l*-)  • 
Equations  (6.10),  (6.iU),  md  (6.15)  yield 


D(a,2^)  ,  -  ^  ei20(2r*l)  +  0((»-2) 

ia  2rfi 


(6.1?) 


(6.19) 


(6.21) 


(6.33) 

(6.3k) 
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in  ^ich  05  is  reali  T&e  Gondltion  DCa^^O)  =  o(lo5l"^)  implies  tihat 


^i20(2r+l)  ^2iy-l  .  0 
2r*-l 


(6.26) 


for  all  9.  Hence,  by  tbe  uniqTleness  theorem  for  Fourier  series, 

%+l  “  0(‘*  <  f  <  *)^ 

The  next  theorem  presents  an  interpolatory  property  of  d(o5^)  which  is  inters 
esting  because  it  follows  from  little  quantitative  information  on  05., 

2 

Theorem  XX.  All  zeros  03.  of  a(o5^)  +  2  are  double  and  D(o5  )  =  0(-«?  <  j  <  «) 

D(a52)  t  0.  ^ 


Proof.  Gonsider  the  integrals  in  the  !^-plane  (t^  ^  ^  *  ir),  |,f) 

.0) .  A.  r 

2fti  Jr. 


Mdl- 


d^  . 


(647) 


The  paths  are  squares  to  be  defined  below.  If 
lim  ^  0, 

J-*** 

then  one  has,  on  application  of  the  calculus  of  residues, 


(6,28) 


D(cp^) 


A(tt>.  )^2 


2<o^^A"(®j^)  L 


2  2  _  2  -  2 
,  )  2»A(«  )A'(»,  ) 

4.  «J 

2 


i^a 


3 


(6,29) 


in  which  the  series  converges  luiiformly  in  every  closed  bounded  domain  of  Wie 
®-plane.  The  theorem  follows  directly  from  Equation  (6,29),  It  is  only  neoesn 
saty,  therefore,  to  establish  toe  validity  of  Equation  (6.28), 

From  Equation  (6.10)  one  has 

A(»“)  2  ^  k  COS'  1  <»  +  0(0#”^)  (6,30) 

2 

for  real  9.  Thus, 


m2 

cds2  S  £0.  -  0(co.  )  i 
o  3  3 


(6.31) 


Let 


cijj  »  =  1  +  e^. 


(6.32) 


Then 


^  0(1  ;)r^), 


and  hence 


cii^  s  2j  *  1  + 


rh  . 


(6.33) 


(6.3U) 


A  Gonsidefabiy  shsa^per  result  is  available  in  Theorem  XVIIIj  however,  no  more 
than  is  given  in  Equation  (6.31i)  win  be  needed.  It  therefore  presents  inde¬ 
pendent  interest  that  the  crude  estimate  in  Equation  (6.30)  suffices  for  the 
investigation.  Define  2.  by 

a  «  -  2j  ♦  o(uri),  (6.3f) 

J  o 


then  the  comets  of  the  squares  Cj  are  given  bjr  +  +  18^.  Let 


rii) 


h*  h*h*h 


in  which 
I 


:  [ 
1 


2iTi-'-Sj  (^-@)U(S^)+2l 

i  rH  p(^-) 


I 


2ni  v2^ 


*2] 


idT),  C  •  8j, 


dC,  «  8j, 


(6.36) 

(6.37) 

(6.38) 


?iii  va 


’^2. 


) 


ani^fij  (^-®)CA(d)*2] 


idTi,§  ■  *2^, 


(6.39) 


2iTi  J^o 


D(S^) 


d«,  n «  »8. 


‘J* 


(6.U0) 


(6.20)  shows  that 


i(a»^)  ii  Odar^ 

(6.U1) 

One  has 

;|  3:_|  <  i  f  ^  - - - df|  6 

1  ^  2  ft  J^a  \q  ♦  *  a>l|A{i:^)  +  2l 

J  J 

(6.k2) 

Since 

,|S.  +  ill  -  6o|  >  )2|!  -  V.ooi  ^  23  -  0(3”^)  “>  (d  ^  0)i 

j  —  j  ~ 

(6.U3) 

One  fnay  choose  3  3°  large  that  23  -  0(3  ^  <a>\  ^  0,  then 

I  .  0  t  i  /■"l-isA  dM  . 

^  3-'-2jU(^^)+2l 

(6.1ih) 

One  hasj  from  Equation  (6.Ul)j 

D(^^)  -  0(1  icr^ 

(6.U5) 

hence, 

i  M  0  i  A  -  dfi  )  . 

^  3^^^2^lA(5i^)+2l 

(6.U6) 

From  Equations  (6.10)  md  (6,30)  one  has 

U(JJ^)  *  21  >  0(e"'^^ 

for  3  large  enough,  hence 

(6.U7) 

II  •  0(3*1) 

(6.U8) 

and  lia  I  •  0, 

1 

The  integral  follows  exactljr  the  sane  wal78l8  so  that  one 

!  has  also 

I  ■  0(3*1)  and  lis  lo  »  0. 

^  f  -  -  n 

3  ^ 


For  &e  intfegfal  Ig  one  has 


I  Igl  <  ¥ 


Since 


:|  I  +  ia.  -  CO  1  2  I  I  ■=•  I  al  >  2 j.  - 


^)  -  I  CO]  (j  >  0), 


one  may  choose  j  so  large  tiiat  2,j-0(d“^)'*l®l  ^  0*  then 


h  ^  ot  t  ‘ 

^  ^  I A  (^2  >+2 1 

J 


Using  Equation  (6ihS),  One  obtains 

M  f  2.  1 

1  .  0{  ^  7-^--;  d< 

^  -'“2^  Ia(2'2)+2  1 


J  . 


Since 


it  j  *«j 

I  cos  I  03  I  >  (i  ♦  0(j‘'^)}, 

^  j  ^  2 


one  has 


|A(C)  *  2]  >  0(e-^) 


for  sufficiently  large  j  unifori^  in  g,  hence 

I2  ^  p(r-) » 


( 4*119) 

(6.S0) 

(6*fl) 


(6.53) 

(6.5U) 

(6.55) 


and 

lim  Ip  ^  0. 

“ 

Exactly  the  s»i»  analysis  applies  to  Ij^  so  that  Ij^  *  0(J*~)  and  lia  ij^  “  0, 
The  theoren  is  no^f  established.  v** 
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